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A neutron diffraction study of polycrystalline HCrO 2 and DCrO2 (chromous acid) is described. 
Intensity data  from the two substances were refined together by the lea~t-squares method, with 
the constraint that  the Cr-O distance be the same in the two substances. Estimates of individual 
contributions to multiple peaks were included in the least-squares refinement through the use of 
a non-diagonal weight matrix.  The O-D-O bond is found to be asymmetric, O-D = 0.96 + 0.04 A, 
O • • • O = 2.55 ± 0.02 A. The symmetry of the O-H-O bond cannot be determined, but agreement 
with observation is as good with a symmetric bond as with any other model. The O-H-O bond 
length is 2.49 +_0.02 A. These results are consistent with those from previous studies of the 
HCrO2-DCrO2 system by nuclear magnetic resonance and infrared techniques. 

In troduct ion  

The na tu re  of the  hydrogen bonds in HCr02 and 
DCrO2 has been the subject  of a nuclear  magnet ic  
resonance (Ibers, Holm & Adams,  1961) and an 
infrared invest igat ion (Snyder & Ibers,  1962). I t  was 
found in the nuclear magnet ic  resonance s tudy  tha t ,  
regardless of the  ac tual  s y m m e t r y  of the O - H - O  
bond, the vibrat ional  ampl i tude of the hydrogen a tom 
normal  to the bond is larger t h a n  the  ampl i tude  
along the bond, a result  t ha t  is believed to support  
a symmetr ic  hydrogen bond. The str iking differences 
between the  infrared spectra of HCrO2 and DCrO2 
are readi ly  explained (Snyder & Ibers,  1962) on the  
basis of different potent ia l  functions for the  O - H - O  
and  O - D - O  bonds. The lowest vibrat ional  level in 
the O - H - O  sys tem is above a barrier ,  if any,  and the 
bond is symmetr ic ;  the  lowest vibrat ional  levels in 
the  O - D - O  system are below the barrier,  detectable 
spli t t ing of the energy levels occurs, and the bond is 
asymmetr ic  t .  This appears  to be the  first  pronounced 
isotope effect in s trong hydrogen bonds, a l though the 
hypothesis  of different potent ia l  functions for the  
H and  D systems (Snyder & Ibers,  1962) is thought  
by  Blinc (1962) to explain anomalies in the ratios 
of ferroelectric t rans i t ion  tempera tures  in certain 
systems.  

In  both the nuclear  magnet ic  resonance and the  
infrared studies the present  neut ron diffraction results 
were al luded to;  these results,  in abbrevia ted  form, 
were presented recent ly  (Hamil ton  & Ibers,  1962). 
The purposes of this paper  are to provide the details 
of the neut ron diffraction s tudy  of polycrystal l ine 
HCrO~ and  DCrO2 and  to give an  analysis  of the  d a t a  
t h a t  we now find more sat isfying than  t h a t  given 
earlier. Nevertheless the conclusions of the  earlier 

* Research performed under the auspices of the U.S. 
Atomic Energy  Commission. 

t In  other words, the O-D-O potential function is a sym- 
metric double-minimum function. 

analysis hold:  the O - D - O  bond is asymmetr ic ,  
but  the s y m m e t r y  of the  O - H - O  bond remains  un- 
resolved in this neut ron diffract ion study.  

R e v i e w  of the  s t ruc ture  of c h r o m o u s  ac id  

Douglass (1957) in an X - r a y  s tudy  found HCrO2 to 
be tr igonal,  a =  4.787/~, c¢ = 36.3 °, Laue s y m m e t r y  3m, 
one molecule per  uni t  cell. Douglass placed Cr a t  
(0, 0, 0) and 0 a t  _+ (xo, yo, zo) with Xo = 0-405 _+ 0.003 
in space group R-3m. Neut ron  s t ruc ture  factor  cal- 
culations for a va r ie ty  of models, including some in 
which the oxygen atoms are non-equivalent ,  confirm 
this s t ructure  and indicate t h a t  the  hydrogen atoms 
mus t  be placed either r andomly  with ½H a t  
+ (XH, XH, Xn) or in a symmetr ic  O - H - O  bond with H 
a t  (½, ½, ½). The s t ructure  (Fig. 1) consists of sheets 
of Cr a toms between two sheets of O atoms.  The 
O atoms in these sheets are close packed,  and each 
Cr a tom is surrounded by  a f la t tened octahedron of 
O atoms. The O - C r - O  layers are s tacked normal  to 
the [111] axis wi th  a three- layer  repeat .  The separate  
layers are joined together  by  hydrogen bonds. 

Previously  the neut ron  diffraction da t a  (Hamil ton 
& Ibers,  1962) from polycrystal l ine samples of HCrO2 
and DCr02 (see below) were refined separa te ly  by 
the  least-squares technique.  The results  m a y  be 
summar ized  as follows" 

HCrO2" The a r rangement  is insensitive to XH over 
the range 0.48 _< XH _< 0"50. The the rmal  motion 
of H is much grea ter  normal  to the  O - H - O  bond 
t h a n  along it. Ref inement  wi th  XH=0"50 results  
in Xo = 0"4045 _+ 0"0006. O • • • O = 2"55 _+ 0"02 J~. 
Generalized agreement  factor  for the  intensities 
(see below) RG=0.098.  

DCrO2" The O - D - O  bond is a symmet r ic  wi th  
XD =0"4834_  0"0025. The thermal  pa ramete rs  are 
not  significantly different from zero. xo = 
0.4082_+ 0.0011. O • • • O=2.48_+ 0"03 /~. 0 • • • D 
= 1.02 _ 0.04 J~. RG = 0.079. 



1210 S T R U C T U R E S  OF HCrO~ A N D  DCrO~. 

0 

0 0 

@ 

refinements,  since they  lead to the  opposite order of 
bond lengths, are difficult to unders tand.  Stat ist ical  
tests  of the difference between the  O - - - O distances 
in the previous refinements indicate t ha t  the difference 
m a y  not  be significant. However,  exact  significance 
tests  cannot  be applied, mainly  because the necessary 
hypotheses here are even less l inear t han  in most  
crystallographic problems. 

In this paper we present a new interpretation of 
these same neutron diffraction data, based on the 
simultaneous least-squares refinement of the two 
sets of data with the constraint that the Cr-O distance 
be the same in both compounds. Before discussing 
the results of this refinement, we describe the collec- 
tion and treatment of the data. 
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Fig. 1. The atomic arrangement in tICrOo: Perspective view 
along the line (x= ¼y, z= ½) from 40 A_'of four hexagonal 
unit cells. The largest spheres are oxygen atoms; those of 
intermediate size are chromium; and the smallest are hy- 
drogen, shown in the central position of the 0-I:I-0 bond. 
One of the CrO~ octahedra is outlined. 

The dis turbing feature  of these results is the 
apparen t  contract ion of the  O - H - O  bond upon 
substitution o~ D ~or H. The hexagonal cell constants, 
as determined by  us from an  analysis  of the  X - r a y  
powder pa t te rns ,  are 

HCrO~: a=2-976__0-001, c=13-36+0-01  A:  
DCrO~.: a=2.983+_0-001, c=13.50_+0.01 A.  

I f  one makes  the  very  reasonable assumpt ion tha t  
the  subst i tu t ion of D for t t  does not  affect the  Cr-O 
distance, then  the above cell constants  lead to an  
O - D - O  bond length t ha t  is 0.06 A longer t han  the  
O - H - O  bond length. The results of the separate  

Col lect ion and t r e a t m e n t  of the  data  

Polycrystal l ine samples of HCrO2 and I)CrO2 were 
prepared and  analyzed as described earlier (Snyder 
& Ibers,  1962). The neut ron diffraction pa t te rns  
were obtained on the appara tus  described by  Corliss, 
Hast ings  & Brockman  (1953) with  the samples in 
cylindrical a luminum sample holders about  18 mm 
in diameter .  The powder pa t te rns  were corrected for 
background,  but  not  for absorption,  for a l though the  
linear absorpt ion coefficient of HCr02 is high because 
of spin incoherence, the  absorpt ion correction for the  
sample geometry  used is approx imate ly  isotropic. 

In tegra ted  intensities were derived from the da ta ,  
and s t andard  deviations in these intensities were 
es t imated  from the counting stat is t ics and the  un- 
cer ta in ty  in the base levels of the  peaks. Because of 
overlap, all peaks could not  be resolved completely. 
Yet  it  was usual ly possible to es t imate  the  relat ive 
contributions of the individual  reflections to a mult iple 
peak.  Let  T with es t imated  s t andard  deviat ion a(T) 
be the tota l  in tensi ty  of a mult iple peak to which 
A, B , . . .  contribute.  Suppose t h a t  in some manne r  
we est imate  /CA, /CB, . . .  such t h a t  

A =/CAT, B =/CBT,  . . . . 

Then with the assumption t h a t  the  errors in the  
k's and T are uncorrelated we have 

a2(A ) = a ~ ( k A ) ( T 2 + a ~ ( T ) )  + /C~Aa~(T) 

QAB = /CAkB a2(T)  ~ - I ( A  ) a - I ( B )  

OA,T-A = [ lcA(I~(T)-~(A)]/[a(A)~(T-A)]  

where @AB is the correlation coefficient between 
A and B.* The individual es t imates  as well as the  
to ta l  in tens i ty  of a peak are included in the least- 
squares ref inement  of the da t a  through the use of 
a weight matr ix ,  which, since it  takes  into account  
these correlations, is non-diagonal.  In  this way  we 
augment  the l imited number  of completely resolved 

* It  is not suggested that this is an adequate model for all 
overlapping peaks in all powder patterns. 
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in tens i t i e s  w i t h  e s t ima t e s  of t h e  s epa ra t e  in tens i t i es  
in  m u l t i p l e  peaks .  I n c l u d e d  in  Tab le  1 are  t he  va lues  
of t he  obse rved  in tens i t i e s  t o g e t h e r  w i t h  t h e  e s t i m a t e d  

s t a n d a r d  dev ia t ions  a n d  t h e  cor re la t ion  coeff icients  
used  in  t he  l eas t - squares  analys is .  

Tab le  1. Observed and calculated intensities for 

Obser- 
vation 
B o m -  

b e r  

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 

H C r 0 ~  and DCrOg* 

Reflections 
(rhombo- D CrO~ HCrO~ 

hedral , , . -~  . 
indices) Io Ic (~(Io) Io Ic (~(Io) 

111 0.2 0.2 0.2 54.4 52.1 0.8 
100 78.1 74.6 1.5 9.9 4-2 1.4 
110 90-3 86.1 1.4 16.5 11.6 1.9 
222 0.2 0.6 0.5 22.0 16.1 3.0 
211 0.6 0.2 0.3 17.9 23.5 3.5 
221 21.3 24.3 2.0 90"2  104.5 5.7 
322 3.7 5.6 0.6 31.4 36.4 2.0 

101+333 78.1 80.7 1.0 31.2 31.4 2.0 
210+332 5.2 8.1 0.6 26.7 29.4 2.1 

l i t  21.9 19.8 3.4 0.9 1.7 0.9 
200 21.9 24.8 4.1 3.2 4.3 1.6 
321 - -  - -  - -  33"I 28.9 3"9 

111+ 200 + 321 46.3 46.0 1-7 - -  - -  - -  
433 27.4 27.7 6.9 18-9 23.6 3.4 
311 8.8 10.6 3"0 42.8 41.6 5.3 
220 - -  - -  - -  7-2 7.6 6.6 

220+433+311 51.7 38"4 3"2 - -  - -  - -  
444 10.0 2.8 2"3 - -  - -  - -  

444+ 443 16.6 8"3 3"0 5'7 11.4 5.8 
432 3"3 5.8 2"3 . . . .  

331 + 432 3"3 8.9 2"3 15.3 18.2 6.4 

Non-zero correlation coefficients used 
least-squares refinement 

DCrO9 
(i, j) @(i, j) 
18,19 0.77 
20,21 0.94 
10,11 0.04 
10,13 0.24 
11,13 0.20 
14,15 0.08 
14,17 0.24 
15,17 0.18 

* Ic= ~j(F~9/sin 0 sin 20) x 10 ~4 cm 2, 
i 

angle and j is the multiplicity. 

in the 

HCrO~ 
(i, j) @(,, j) 
7,8 --0.71 

11,12 0.07 
11 14 0.05 
11,15 0.07 
11,16 --0.24 
12.14 0.20 
12,15 0.30 
12,16 --0.54 
14,15 0.19 
14,16 --0.44 
15,16 --0.52 

where 0 is the Bragg 

R e f i n e m e n t  of  t h e  c o m b i n e d  data 

Since we be l ieve  t h a t  s u b s t i t u t i o n  of D for H shou ld  
no t  af fec t  t he  Cr -O d i s t a n c e  a n d  s ince t h e  s e p a r a t e  
r e f i n e m e n t s  ( H a m i l t o n  & Ibers ,  1962) led  to  resu l t s  
a t  v a r i a n c e  w i t h  th i s  bel ief  we chose to c a r r y  ou t  
a n o t h e r  r e f i n e m e n t  in  w h i c h  t h e  Cr -O  d i s t ance  is 
c o n s t r a i n e d  to  be t h e  s ame  in  b o t h  c o m p o u n d s  a n d  
the  d a t a  f r om bo th  c o m p o u n d s  are  r e f ined  s imul-  
t aneous ly .  The  va r i ab l e  p a r a m e t e r s  are  t h u s  t he  two  
scale factors ,  t he  Cr -O d i s t ance ,  B ,  (along the  bond)  
a n d  B l (normal  to  t h e  bond)  for  H a n d  for D, XD, 
a n d  x~. ( T e m p e r a t u r e  fac to rs  on t h e  h e a v y  a t o m s  
were  set  a t  zero, for  in  p rev ious  r e f i n e m e n t s  where  
t h e y  were  v a r i e d  t h e y  r e a c h e d  va lues  no t  s ign i f i can t ly  
d i f fe ren t  f rom zero.) I t  is n o t  possible  to  c a r r y  ou t  
t h e  r e f i n e m e n t  w i t h  x~ as a v a r i a b l e  p a r a m e t e r ,  
for t he  m a t r i x  of t h e  n o r m a l  equa t i ons  is s ingu la r  
for x ~ = 0 . 5 0 ,  a n d  is close e n o u g h  to  s i n g u l a r i t y  a t  
va lues  of xE n e a r  0.50 to l ead  to  spur ious  shif ts  in 
t h e  r e f i n e m e n t  as a r e su l t  of round-of f  e r rors  a n d  
non- l inea r i ty .  R a t h e r  i t  is neces sa ry  to  c a r r y  ou t  t he  
r e f i n e m e n t  for f ixed  va lues  of XH. 

Tab le  2 l ists t h e  resu l t s  of t h e  p re sen t  series of 
r e f i n e m e n t s  on x. N e u t r o n  s ca t t e r i ng  fac tors  of 
0.35, 0.58, - 0 . 3 7 8 ,  a n d  0.65 were  used  for  Cr, O, H,  D 
(Bacon,  1962). Aga in  t h e  resu l t s  are  insens i t ive  to  
t he  v a l u e  of xE b e t w e e n  a b o u t  0.485 a n d  0.50 a n d  
so no u n e q u i v o c a l  s t a t e m e n t  can  be m a d e  a b o u t  t h e  
s y m m e t r y  of t h e  0 - H - 0  bond.  As opposed  to  t h e  
p rev ious  r e f i n e m e n t s  t he  t e m p e r a t u r e  fac tors  on H 
do no t  di f fer  s ign i f i can t ly  f rom zero. (A r e f i n e m e n t  
based  on the  cond i t i on  f rom the  n u c l e a r  m a g n e t i c  
r e sonance  s t u d y  (Ibers,  H o l m  & A d a m s ,  196i) ,  
n a m e l y  t h a t  for H B l - B .  = 4.7 /~2, l ed  to  e s sen t i a l ly  
t h e  same  va lues  of t he  g e o m e t r i c a l  p a r a m e t e r s ,  b u t  
to  s l igh t ly  a l t h o u g h  n o t  s ign i f i can t ly  worse  overa l l  
ag reemen t . )  The  O - t { - O  d i s t a n c e  is 2.49_+0.02 A. 
As in  t he  p rev ious  r e f i nemen t s ,  t h e  O - D - O  b o n d  is 
f o u n d  to  be a s y m m e t r i c .  The  d i s t ances  here  are  

x t t  
Refined 

parameters 

r (Cr-O) 1.979 _+0.005 1.979 1.979 1 - 9 7 9  1.979 1.979 
xD 0.4767 +_ 0.0026 0.4767 0.4767 0.4767 0.4768 0.4769 

Bll (It) 6"68 +_5.32 6.32 5.21 3.19 0"11 --9"41 
B±(I-I) 1.58 _+ 1"54 1.58 1.58 1"59 1.58 2.65 
Btl(D ) --3.15 _+3 .46  --3.15 --3.15 --3.15 --3.16 --2.97 
Bi(D) 0.32 +_ 0.80 0.33 0.33 0.33 0.33 0.36 

Ra 0.0915 0.0915 0.0915 0.0916 0.0920 0.1129 

Table  2. Results of least-squares refinement on combined H C r 0  2 and  DCrO 2 data* 

0.500 0.495 0.490 0.485 0.480 0.475 
Derived 

parameters 

xo(H) 0.4068 + 0.0008 
xo(D) 0.4056 _+ 0.0008 
r(O-D) 0.96 +_0.04 

r ( O - . - D . . . O )  2.55 +_0.02 
r ( 0 . . . H . - . 0 )  2-49 +_0.02 
r(O.--O).f(H) 2.61 +_0.02 
r ( 0 . . . O ) t ( D )  2.60 +_0.02 
r ( O . . . 0 ) ~ : ( H & D )  2.98 +_0.005 

* Standard deviations are those estimated for XH----½; these were nearly independent of XH, although they were of course 
proportional to the generalized R factor. The standard deviations in the scale factors are 2-3%. 

t Distance from oxygen to oxygen related by symmetry operation 3. 
$ Distance from oxygen to oxygen related by symmetry operation 3. This is equal to the hexagonal cell constant a. 
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0 - D  = 0.96 + 0"04 A, O - D - O  = 2.55 _+ 0.02 A; the tem- 
perature  factors on D are not s ignif icantly different 
from zero. The O-O distances in  the coordination 
octahedra are 2-60_+ 0.02 J~ and 2.98 ± 0-005 /~, the 
octahedra being squashed along the threefold axis. 

Table 1 lists the values of I (in barns) for these 
parameters  (xE=0.50).  The agreement  between cal- 
culated and observed I is judged from the generalized 
agreement  factor 

R~ = (i~,~ (I°-Ic)~w~'(I°-Ic)'t ] 

where w~j are the  elements of the weight matr ix .  
The significance of the difference between the previous 
ref inements  of the separate da ta  and the present 
combined ref inement  m a y  be tested by use of the 
Rc in an analysis-of-variance test. Let  R0 be the 
value of RG obtained in the previous ref inement  based 
on n - m  degrees of freedom. Let R1 be the value 
of RG for the corresponding in tens i ty  functions in 
the present refinement.  Then, if the dimension of the 
hypothesis  (the number  of hypothesized parameter  
values) is b, the quan t i ty  

( 

m a y  be tested for significance against  t abu la ted  
percentage points H(b, n - m ,  ~x) of the usual  analysis-  
of-variance dis t r ibut ion F (Hamilton,  1961). For 
nei ther  the I-ICrO~. nor the DCrO~. data  is the gener- 
alized R factor ratio significant at  the very  conser- 
vat ive significance level ~--0.15. The present refine- 
ment  is thus  not incompat ible  with the earlier ones 
and we prefer i t  because it  is based on what  we feel 
to be a more reasonable model. 

The results of these significance tests are somewhat 
surprising when they  are compared with the es t imated 
s tandard  deviations of the O . . .  O distances in  the 
earlier analysis.  They thus provide a good example 
of the effects of non-linearities on stat ist ical  signif- 
icance tests. I t  can be shown tha t  the R factor ratio 

HCrO~ A N D  DCrO~ 

test  is much  less affected by  non-lineari t ies t han  are  
Student ' s  t tests on the bond distances, and i t  is 
thus to be preferred. In  comparing the R factors,  
we are comparing the agreement between the p r imary  
da ta  and the calculations, whereas in making  the 
usual  significance tests on the parameters  we are 
assuming a l inear relationship,  which m a y  not  exist ,  
between the p r imary  da ta  and the parameters .  

C o n c l u s i o n s  

The neutron diffraction results here and previously 
(Hamil ton & Ibers, 1962) are in  complete agreement  
with the infrared results on the symmet ry  of the  
0 - D - O  bond in DCrO2. The present results on HCr0~ 
are compatible with both the previous nuclear  mag- 
netic resonance and infrared results, but  they  do not  
enable us to reach an unequivocal  conclusion concern- 
ing the symmet ry  of the 0 - H - 0  bond. Even  in cases 
where more plentiful  and accurate data  are avai lable,  
from single-crystal studies (McGaw & Ibers, 1963), i t  
has not been possible to get around the difficult ies 
brought on by the smearing out of the scattering 
densi ty as a result  of zero-point energy vibrations.  
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